For the numerical prediction of turbomachinery flows, a two-equation turbulence model in combination with a proper transition model to account for laminar boundary layers and their transition to turbulence is state of the art. This paper presents the ability of such a method (k-ω + γ-Re Θ ) for turbulence prediction and the effect on three-dimensional boundary layer behavior. For this purpose, both applied models (turbulence and transition) are improved to better account for turbulence length scale effects and three-dimensional transition prediction , since these are the main deficiencies in predicting such kinds of flows. The improved numerical method is validated and tested on existing turbine cascades with detailed experimental data for the viscous regions and additionally on a low-speed axial compressor rig where wake-induced transition takes place.
Introduction
Nowadays, the industrial design of turbomachines and their components is conducted with three-dimensional (3D) Navier-Stokes solvers (computational fluid dynamics, CFD). These mostly unsteady Reynolds averaged Navier-Stokes (U)RANS solvers are able to simulate multistage 3D blade passages with unsteady flow effects. Hence these types of solvers will be the key design tool for today and tomorrow [1] . An up-to-date numerical method for turbomachinery flows and their applications is the combination of the two equation k-ω turbulence model after Wilcox (1988) [2] and the γ-Re Θ transition model after Menter and Langtry [3] which is used to incorporate laminar boundary layers and their transition to turbulence. These effects are significant in e.g., low-pressure turbine flows and also to a smaller degree in compressors. From a present-day perspective, this numerical method is able to predict the midspan boundary layer behavior on the airfoils in an adequate way. Nevertheless, even in a simple cascade there are still uncertainties in the prediction of the two-dimensional (2D) midspan and especially of three-dimensional boundary layer behavior on the airfoils and additionally on the sidewalls (hub and tip) and their interaction with the secondary flow phenomena. In 2D flows, the turbulence quantities and their prescription at the free stream inlet will influence the boundary layer state. While considering laminar boundary layers in CFD, resulting in highly improved total pressure loss prediction compared to a fully turbulent CFD, the correct prescription of the turbulence quantities, like free stream turbulence intensity as one of the main impact factors, will in turn influence the laminar-turbulent boundary layer prediction as shown by Bode et al. [4] . Moreover, the occurrence and numerical prediction of laminar boundary layer regions on the sidewall and their effect on the downstream flow of a blade row is not completely understood, cf. [5, 6] . An attempt to improve prediction accuracy in this region was made by Bode et al. [7] , where the γ-Re Θ transition model was recently extended to three-dimensional boundary layer transition after Menter and Smirnov [8] in combination with the shear stress transport (SST) model [9] and validated against general test-cases and also successfully applied to three-dimensional turbomachinery flows. This method showed good agreement with experimental data. In a 3D multistage component environment, the prediction accuracy of the downstream blade rows is highly dependent on the correct flow prediction of the upstream blade rows and their turbulent quantities. Thus, an improved numerical method is necessary for the design of new multistage turbomachines and their components. For example, an increased prediction accuracy of the turbulent kinetic energy (turbulence intensity) and its dissipation will lead to an improved boundary layer transition prediction. This, in turn, leads to a better prediction of the wake of the airfoils and hence, more accurate flow condition for the downstream blade row.
In the present paper, the k-ω turbulence model after Wilcox (1988) [2] with a modification after Bode et al. [10] to improve the turbulence prediction in combination with the transition model after Menter and Langtry [3] and its extension to three-dimensional boundary layer transition after Menter and Smirnov [8] will be used to further improve the turbulence prediction and hence, the transitional behavior and its impact on the loss prediction. Therefore, the improved numerical method will be validated against test-cases with increasing complexity and will present the ability of the used numerical method to accurately predict the turbulence and transitional behavior of three-dimensional single and multistage turbomachinery test-cases.
Numerical Method
The parallel CFD-solver TRACE of DLR (Cologne, Germany), as an up-to-date numerical method, has been applied, cf. Marciniak et al. [11] . The turbulence is modeled by the two-equation k-ω model of Wilcox (1988) [2] , together with the Kato-Launder [12] fix for the stagnation point anomaly. The boundary layer transition has been modeled by the two-equation γ-Re Θ model of Menter and Langtry (2009) [3] . The model evaluates the local flow features to facilitate natural, bypass, and separation-induced transition as well as relaminarization and wake-induced transition. Furthermore, the model is extended by Bode et al. [7] to incorporate cross-flow induced transition in three-dimensional boundary layers according to the model after Menter and Smirnov [8] . Herein an indicator function is proposed which gives an approximation of the cross-flow integral used by Arnal [13] in his experimentally-based cross-flow stability criterion (C1 criterion). This criterion reads as follows:
where f (H S ) is a function of the streamwise shape factor of the boundary layer.
In this formulation 150 is a calibration constant corresponding to the critical Reynolds number where cross-flow transition takes place. The new cross-flow induced transition onset trigger within the γ-Re Θ model formulation F onset,CF is given as follows:
with 100 as a speed up factor for the cross-flow induced transition process [14] . The cross-flow transition trigger will now be evaluated against the two-dimensional transition trigger F onset,γ of the baseline γ-Re Θ model
as an additional survey like
Turbulence length scale effects on turbulence and transition prediction have been incorporated into the respective models, cf. Bode et al. [10] . The validation of today's CFD-solvers especially against experimental cascade data with medium or high inflow turbulence intensity from 3 ≤ Tu ≤ 10% and in combination with moderate turbulence length scales (l T ∼ 0.01 m), (l T /l∼ 0.1 with l ∼ 0.1 m chord of a typical turbine cascade) ends up in an unphysical, too high eddy viscosity, leading to a false prediction of the turbulence and, hence, boundary layer flow due to the violation of the realizability constraint. To avoid this behavior, the CFD user often changes the turbulence length scale to fit the transitional data. In addition, the application of modified turbulence models (e.g., Durbin's realizability constrain [15] ) sometimes leads to an unphysical behavior around the leading edge and along more than 60% of the passage suction side where the eddy viscosity is damped too harshly. Therefore, the k-ω turbulence model after Wilcox (1988) is modified, so that the improved behavior regarding overall characteristics and boundary layer development is given and the unphysical behavior of the eddy viscosity is reduced. For this reason, a criterion for the determination of viscous regions (boundary layers and wakes) has been developed as an additional element of the implemented approach (cf. [10] ). This criterion is based on the large values of turbulent dissipation rate ω in the vicinity of viscous walls. It takes the relationship between the turbulent dissipation rate estimated from the k-ω turbulence model and the turbulent dissipation rate in the free stream ω FS of the flow estimated by the new approach. The effect of their very high ratio in the boundary layer and wakes is used to separate them from the free stream
The time-scale bound is only applied in these viscous regions, effectively preventing the eddy viscosity destruction in non-viscous areas by multiplying the time-scale bound by a factor b v , which is 1.0 in the boundary layer and the wake region and 0.1 in the free stream (cf. [10] )
In the post-processing, integral boundary layer parameters are determined by integration of the velocity field perpendicularly to the blade surface up to a point where the total pressure has increased by 99% of the whole velocity defect, cf. [16] . Throughout this paper, the boundary layers of all no-slip boundaries are highly resolved with a dimensionless wall distance of the wall adjacent cells down to y + ≈ 1 as a result of performed grid sensitivity studies for all used test-cases. Depending on the test-case, the convergence of the simulations was achieved after 2000-10, 000 iterations, and was characterized by a density residual drop of at least three orders of magnitude and a relative difference of in-and outlet massflow ≤ 10 −3 .
Cascade Test-Cases
One of the main focuses of this paper lies with the incorporation of laminar-turbulent boundary layer transition in three-dimensional turbomachinery flows, especially turbine flows. In the literature there exists many investigations (numerically and experimentally) with regard to this topic. The main conclusion is that the general fully turbulent inlet boundary layer in a cascade flow (measurements by Vera et al. [17] indicate an at least transitional boundary layer at the hub of their low-pressure turbine rig) separates in front of the leading edge due to the pressure gradient in combination with the horseshoe vortex. Downstream of the separation a new boundary layer forms which is laminar based on measurements by Moore and Gregory-Smith [18] and Holley et al. [19] or large eddy simulations by Cui et al. [20] . This new laminar boundary layer is highly three-dimensional and hence, after Schlichting [21] , sensitive against instabilities because of the inflection point within the boundary layer profile. Thus, it will undergo a laminar-turbulent transition process in the cross-flow direction [17] . For this purpose, the recently extended γ-Re Θ transition model after Menter and Langtry [3] in combination with the improved turbulence prediction [10] shows its capability to better predict these kinds of flows and will now be shown as a follow up to Bode et al. [7] in more detail on the Durham and Langston cascades. Later on, the ability of the improved numerical method on multistage test-cases will be shown, too.
Durham Cascade
The Durham turbine cascade is a widely known and used CFD validation test-case. The cascade has been described in detail earlier, see for instance Walsh [22] , Moore [23] and Moore and Gregory-Smith [18] . The cascade consists of six blades which have a profile typical of a high pressure turbine rotor. Besides the numerical results of the present investigated k-ω Wilcox (1988) turbulence model with the extension after Bode et al. [10] to incorporate turbulence length scale effects in combination the γ-Re Θ transition model after Menter and Langtry (hereafter named VB), additional results of the k-ω turbulence model after Wilcox (1988) without the extension after [10] in combination with the γ-Re Θ transition model are shown (k-ω, l T = 9.4 mm) and different integral length scales as inlet boundary conditions are applied to emphasize the improved turbulence prediction and the effect not only on the two-dimensional midspan but also on the three-dimensional flow near the sidewalls, cf. Figure 1a .
The outlet of the cascade is here divided in three parts: (i) the midspan flow region (0.32 ≤ z/h ≤ 0.50) where 2D flow is to be assumed, (ii) the secondary flow region near the sidewall (0.04 ≤ z/h ≤ 0.32) where the the secondary flow phenomena like horseshoe and passage vortex are interacting with the suction side boundary layer and (iii) the sidewall flow region (0.00 ≤ z/h ≤ 0.04) where mostly the newly formed laminar sidewall boundary layer will have an effect on the total pressure loss production.
Starting with the midspan region, the typical behavior of varying prescribed turbulence length scales is seen. A value of l T which corresponds to the experimental hotwire measurements [18] results in a higher total pressure loss prediction due to a fully turbulent suction side boundary layer because of the unphysical production of turbulent kinetic energy at the leading edge, cf. [10] . With lower prescribed l T values compared to the experimental ones the prediction comes closer to the experimental data. Only the improved turbulence model (VB) is able to correctly predict the total pressure loss at midspan with an l T from the experiments.
The region where the secondary flow dominates a comparable behavior is seen. The numerical result for k-ω l T = 9.4 mm gives a false prediction of the trend and the level of the total pressure loss due to the overproduction of turbulent kinetic energy, cf. [10] . A somewhat smaller value gives an adequate result where the smallest l T value again results in a too small prediction of ζ. The numerical results for VB are again in best agreement with the experimental data.
The sidewall flow seems to be insensitive to the turbulence length scale except for the highest l T . The effect of the extension to three-dimensional boundary layer transition with the extended γ-Re Θ transition model (VB-CF) is shown in Figure 1b . Here, additional results for the extended transition model with the SST model after Menter [9] are given (SST-CF). The first conclusion is that both turbulence models with the extended transition model will give almost the same good result. The VB and VB-CF predict the midspan flow and the secondary flow region slightly better than SST-CF. Moreover, the effect of the cross-flow extension here is negligible. The areas A and B show an effect of the locally occurring three-dimensional predictions due to the extended transition model compared to the original formulation. This can be seen in the following.
Boundary Layer Behavior
In Figure 2a ,b differences between numerical results for predicted γ e f f with VB-CF and VB are plotted to show the effect of the cross-flow extension to the transition model on the boundary layer behavior on the sidewall and suction surface. The extended transition model leads to a stronger prediction of the suction-side k 2 and pressure-side k 1 leg of the horseshoe vortex and hence, in combination to a stronger impingement on the suction side at k 3 . In addition to that, the separation line of the formed passage vortex on the sidewall k 4 is also more strongly predicted. The impingement on the suction side k 3 is also seen on the suction side plot in Figure 2b where the numerically predicted intermittency is also more pronounced. This is also true for the separation or lift-off line of the horseshoe vortex of the suction surface k 5 . Some minor differences on the suction surface may be identified near the laminar turbulent transition zone k 6 . Finally, the cross-flow extension of the γ-Re Θ transition model only shows local improvements to the prediction of the secondary flow phenomena but does not change the overall results, like shown for the total pressure loss, in this case. Since the original formulation of the transition model captures the basic behavior of the secondary flow, there is no benefit in switching on the turbulence model in these regions. In summary, the cross-flow extension leads to a locally more pronounced identification of three-dimensional secondary and boundary layer behavior but does not affect the overall flow in either a positive or a negative way.
When continuing with the improved turbulence prediction, Figure 1b indicates a closer agreement between VB and the experimental data as compared to the SST method. This is due to the better prediction of the turbulent secondary flow in the case of VB where the pressure-side leg of the horseshoe vortex and later on the passage vortex, whose are the main dominators of the secondary flow, are better predicted. This will be shown by means of the next test-case.
(a) (b) 
Langston Cascade
Besides the Durham cascade, the Langston cascade is a famous cascade test-case in the open literature and is also used by researchers such as Langston et al. [24] , cf. Graziani et al. [25] and Holley et al. [19] . Like the Durham cascade, the Langston cascade is also used to determine the state of the newly formed boundary layer on the sidewall of the cascade. Likewise to the Durham cascade, the Langston cascade provides detailed experimental data on the suction and sidewall surfaces to determine the boundary layer state which indicates the trajectory of the formation of the secondary flow features. Surface static pressure and skin friction coefficients on suction side and sidewall in combination with limiting streamlines provide a solid validation basis for the applied numerical method. As already mentioned, for a correct prediction of the total pressure outlet, the accurate prediction of the secondary flow and its interaction (trajectory) with the viscous regions like suction side boundary layer are necessary. Figure 3 shows experimental and numerical results for the static pressure coefficient distribution for varying spanwise slices on the Langston cascade.
Suction Side Flow
Additionally to the former investigations, both model combinations (VB and SST together with the original γ-Re Θ ) are also extended with the cross-flow extension (VB-CF and SST-CF) indicating just small (below 1%) local differences (Figure 3a region A) . Starting at midspan in Figure 3f , all combinations show a good prediction compared to experimental data. This holds for the next spanwise position in Figure 3e where the VB model gives perhaps a paper-thin better result than the SST (Figure 3e region E) . This is more pronounced in regions D and C (in Figures 3d and c, respectively) coming closer to the sidewall where the interaction between the secondary flow and the suction side is stronger in Figure 3d ,c. Closest to the wall at z/h = 0.062 and 0.009 the favorable prediction with the VB is still present except for region C in Figure 3b . Figure 4 it can be seen that the inlet boundary layer on the sidewall separates at the horseshoe vortex lift-off lines (S 2s and S 2p ), wraps around the leading edge of the cascade and forms the secondary flow downstream.
The characteristic points in the c p and c f plots are now the stagnation point in front of the leading edge, where the inlet sidewall boundary layer separates and will be divided and the interaction of the pressure-side leg of the horseshoe vortex with the new formed boundary layer on the sidewall right above the separation line marked with the kinks in the isolines of c p and c f . Both numerical methods VB (orange lines) and SST (green lines) are able to predict the general behavior on the sidewall as it was seen in Figure 3 . In detail, of course, there are also some differences in the numerical prediction. In both cases it seems that the VB approach gives a somewhat better prediction of the overall c p and c f distributions with regard to the position of the stagnation point. A more obvious trend is given for the interaction of the horseshoe vortex with the sidewall boundary layer. Here the VB is very close to the experimental data compared to the SST results. The kinks in Figure 4b ,c are more accurately predicted than in Figure 4a ,c leading in turn to the better prediction of the interaction of the secondary flow with the suction side boundary layer as seen in Figure 3 and hence, the overall performance of the cascade flow (not shown here). 
Low-Speed Axial Compressor Rig
Since the outlet flow of a cascade or a blade row is the inlet for the downstream blade row in a multistage environment, the accuracy of the upstream outlet flow is of major importance for multistage simulations. For this purpose, the low-speed axial compressor rig of the Institute of Turbomachinery and Fluid Dynamics at LU Hannover is used to undergo the next validation step with a more complex test-case where the focus is on wake-induced boundary layer transition. Figure 5a gives a schematic overview of the low-speed axial compressor of the Institute of Turbomachinery and Fluid Dynamics. A detailed description of the test rig, the experimental data, and their underlying post-processing is given in Griebel and Seume [26] . Previous investigations showed the numerical prediction quality of the used CFD solver where the numerical method has been validated against experimental data in [27] . Wolff et al. [27] conducted steady and unsteady RANS simulations and showed that the first and last approximately 20% of the blade height are influenced by secondary flow effects. At midspan, a two dimensional flow can be assumed. Therefore, only 15% of the blade height at midspan are considered in quasi three-dimensional (Q3D) numerical simulations, cf. Figure 5b . Both measurements and numerical simulations have been conducted at steady state rotor speed of 3000 rpm for three different operating points. Furthermore, to take e.g., sidewall effects into account, the same axial velocity density ratio (AVDR) has been adjusted for the Q3D and the full 3D setup. In addition, the same mesh size and topology used by Wolff et al. is also used in the current work. Hence, the grid convergence study according to [28] , which has been conducted by Wolff et al., remains valid. The results of the grid convergence study show a grid convergence index (GCI) for the used grid of GCI = 0.3% concerning the total pressure ratio and GCI = 3.13% concerning the isentropic efficiency. A detailed description of the conducted study can be found in [27] . Besides numerical simulations with the k-ω-SST turbulence model [9] implemented in the version of 2003 [29] and coupled to the γ-Re Θ transition model with the empirical correlations published by Langtry and Menter in 2009 [3] (SST), numerical simulations with the aforementioned VB model are conducted. The transitional behavior and the quality of its numerical prediction by the (U)RANS simulations are specified by means of both the ratio between isentropic thermal power circumferentially averaged at midspan and mechanical power output, calculated using the following equation
and experimental and numerically-determined space-time diagrams of the so called quasi wall shear-stress (QWSS). Thereby, the QWSS gained from the experimental data can be evaluated in the form:
where C is a calibration constant, τ w is the wall shear-stress, E 0 is the anemometer voltage obtained under zero-flow conditions and E is the instantaneous output voltage from the anemometer.
Global Design Parameter
In Figure 6 the isentropic-to-mechanical efficiency η MTMS,is is plotted as a function of the mass flowṁ. The efficiency predicted by SST and VB for peak efficiency agrees the best with the measured efficiency where the VB gives a smaller mass flow compared to SST and the experimental data. Although there is a greater difference between the experimental data and the numerical results of near stall and near choke, they are also inside the measurement uncertainties. Nevertheless, it is apparent that VB predicts almost similar values for the isentropic-to-mechanical efficiency η MTMS,is for near stall and peak efficiency, but tends to better predict the efficiency for the operating point near choke compared to SST. Figure 6 . Isentropic-to-mechanical efficiency η MTMS,is over mass flowṁ for all three operating points, circumferential-averaged at midspan.
Boundary Layer Behavior
The reason for the improved prediction of the efficiency of near choke can be seen in Figure 7 . From the space-time diagrams of the QWSS gained from the experimental data (Figure 7a) , it is clear that the vane experiences a laminar flow, which is alternately disturbed by a wake. The QWSS shows high values in the laminar region shortly downstream of the leading edge, which decrease to smaller values further downstream. The laminar flow is periodically disturbed by a wake, characterized by higher QWSS due to the higher turbulence intensity. At x/l ax > 0.8 the flow on the suction side is turbulent, because QWSS always shows a high value due to the higher turbulent viscosity relative to the laminar viscosity. A similar behavior can be seen in the space-time diagrams of the SST in Figure 7b and VB simulation in Figure 7c . Nevertheless, the numerical predicted wake seems to impinge on the suction side further downstream at x/l ax ≈ 0.55 and an open separation is predicted by both the SST and VB simulation. In spite of these differences, the extent of the wake-induced transition region predicted by VB is in better agreement with the experimental data. This leads to an increase in turbulent losses, a reduction of the isentropic-to-mechanical efficiency η MTMS,is and, therefore, to a better agreement with the experimental data. 
Conclusions
In this paper, an improved numerical method composed of the k-ω turbulence model after Wilcox (1988) [2] extended to incorporate turbulence length scale effects [10] in combination with the γ-Re Θ transition model after Menter and Langtry [3] extended to three-dimensional cross-flow transition [7] (named herein VB) is validated in two turbine cascades with detailed experimental data on boundary layer state on suction and sidewall surfaces. The effect of prescribed turbulence length scales on the total pressure loss prediction at the outlet of the Durham cascade was shown. The improved numerical method (VB) was best in predicting total pressure loss compared to experimental data and also against numerical results from the SST turbulence model in combination with the transition model within the uncertainties of the overall Reynolds-Averaged Navier-Stokes approach and Boussinesq assumption. The reason for that is the better prediction of the secondary flow trajectory and hence, the interaction with the viscous regions on suction and sidewall surfaces as shown e.g., for the Langston cascade. Furthermore, the extension to three-dimensional boundary layer transition showed a local effect on the prediction of turbulent or at least transitional regions than on overall performance parameters like total pressure loss at the outlet of the Durham cascade. The effect of turbulence length scale on turbulence prediction and the influence on boundary layer and their transition to turbulence was emphasized in the multistage low-speed axial compressor rig. Here, the VB was again superior in prediction laminar-turbulent boundary layer transition and hence on the prediction efficiency. Finally, it can be concluded that the numerical method (VB and VB-CF) improves the prediction of turbulence and hence, boundary layer transition in two-dimensional and also three-dimensional steady and unsteady flows. The extension to cross-flow transition supports the local prediction of secondary flow phenomena and their interaction with the viscous regions but shows no effect (positive and negative) on overall performance parameters for the test-cases investigated here. The deficiencies regarding the quantitative prediction are a motivation for further modeling efforts to improve the prediction quality. 
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